O ver the past few decades, a growing variety of materials and devices have emerged with electron flow described outside the framework of semi-classical diffusive transport. In these systems, electrons propagate either ballistically through the bulk 1 , ballistically via edge transport, such as in topological insulators 2,3 , or most recently, collectively via hydrodynamic flow arising from strong electron-electron interactions 4 . In such non-diffusive flows, the relation between current and voltage is no longer local, and the spatial structure of both the current and voltage can take non-trivial forms.
O ver the past few decades, a growing variety of materials and devices have emerged with electron flow described outside the framework of semi-classical diffusive transport. In these systems, electrons propagate either ballistically through the bulk 1 , ballistically via edge transport, such as in topological insulators 2,3 , or most recently, collectively via hydrodynamic flow arising from strong electron-electron interactions 4 . In such non-diffusive flows, the relation between current and voltage is no longer local, and the spatial structure of both the current and voltage can take non-trivial forms.
Our understanding of electron flow in two-dimensional systems predominantly stems from transport measurements on lithographically defined devices, which are an indispensable tool in studying many aspects of non-diffusive flows. Such measurements sample the electrochemical potential only at discrete points in space, typically along the edge of a device. However, as noted long ago by Landauer 5 , such measurements also have inherent limitations: since transport measurements use fixed voltage probes that sample the potential only at discrete spatial points, they cannot provide a full map of the current and voltage distribution. Furthermore, in the ballistic regime where the electron mean free path is large compared to the probe and device dimensions, such fixed probes sample the electronic distribution in a manner that depends on their geometric details and often disrupt the flow they are aiming to measure 1, 6, 7 . These limitations illustrate the need for a non-invasive local probe that can provide real-space visualization of the fundamental properties of electronic transport; namely, the electrostatic potential and current density in real space and particularly in regimes where some combination of quantum, ballistic and electron-electron interaction effects becomes dominant.
Several scanning probe techniques have been previously developed that separately image voltage [8] [9] [10] [11] [12] or current [13] [14] [15] [16] [17] [18] in twodimensional systems, each with specific advantages, although the emerging classes of materials can benefit from a probe with a broader scope of measurement capabilities. A highly desirable feature for a voltage imaging tool is the ability to image electrons buried beneath insulating surfaces (currently achieved by a Kelvin probe 12 and optical methods 9, 11 ), due to their increasing prevalence for improving mobility. However, if such a probe aims to address delicate low-energy physics phenomena, it must also possess high voltage sensitivity (currently obtained only with scanning tunnelling potentiometry 8 ). Furthermore, it must be able to image across a wide temperature range to capture a broad array of phenomena, and do so non-invasively at small carrier densities and energy scales. Along with the voltage, one would ideally like to image simultaneously the local current density flowing through a device as well. Several techniques have recently excelled in imaging current by measuring the magnetic field it produces (scanning superconducting quantum interference devices (SQUIDS) [13] [14] [15] 19 and nitrogen vacancy centres 17, 18 ), although they are limited to operate under small externally applied magnetic fields. Additional scanning techniques (scanning gate microscopy 20,21 , near-field scanning optical microscopy 22, 23 , photocurrent 24 , optical 25, 26 and microwave impedance 27, 28 ) have proven crucial for visualizing other aspects of transport through devices. A promising candidate for imaging the properties of flowing electrons is the scanning single-electron transistor (SET) [29] [30] [31] , owing to its extreme voltage sensitivity. In the past, SETs have been used primarily for imaging equilibrium properties (for example, workfunction and electronic compressibility) and for resolving questions about the spatial distribution of quantum Hall edge states 32 . Their possible capacity to image voltage drops and current density of flowing electrons has remained unexplored.
In this work, we demonstrate a new technique employing nanotube-based SETs 31, 33 to simultaneously image the voltage drop and the current distribution of flowing electrons in two dimensions. The technique has nanoscale spatial resolution (~100 nm) and microvolt voltage sensitivity, operates from cryogenic temperatures up to room temperature and at large magnetic fields, and is minimally
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invasive to the flow, making it especially suitable for visualizing non-diffusive transport. We benchmark the technique by mapping electron flow in high-mobility graphene/hexagonal boron nitride (hBN) devices 34 . We observe the evolution from diffusive flow, in which electrostatic potential falls gradually along the device, to ballistic flow, where it drops sharply at its contacts. Independently, we show how the SET can be used to image current streamlines, and how such voltage and current maps can show detailed information about electron flow in the bulk of a device, which is difficult to obtain via conventional methods. Finally, we spatially image the nonlocal, negative voltage distribution associated with ballistic flow. The demonstrated technique enables the imaging of non-diffusive flow phenomena in a variety of buried nanostructures created from a growing list of novel materials and devices.
overview of nanoscale imaging technique
The principle behind our measurement technique is shown schematically in Fig. 1 . In a typical transport measurement ( Fig. 1a ), fixed, lithographically defined contact electrodes patterned along the perimeter of a device are used to measure the electrochemical voltage drop in response to a flowing current, yielding both the longitudinal (ρ xx ) and Hall (ρ xy ) resistivities. While these quantities are well-defined locally for diffusive transport, in ballistic flow the contact electrodes sample only the electrons with momenta directed toward them 1,7 , yielding an averaged electrochemical potential that depends on the contact orientation and precise geometry. Additionally, such contacts emit thermalized electrons, thereby randomizing their direction, and thus can interfere with the flow. Our technique replaces the fixed voltage probes with a scanning SET, which can non-invasively sample the local, out-of-equilibrium electrostatic potential anywhere in space. The SET couples capacitively to the region in the sample above which it is scanning, so that the local potential of the sample strongly modulates the current passing through it [29] [30] [31] . By monitoring the SET current as it scans across the sample under study, we can thus isolate the electrostatic potential, δϕ, generated in response to an applied total alternating current, δI (Fig. 1b ). The measured quantity δϕ/δI, has units of resistance and captures the local change in electrostatic potential (voltage drop) due to the flowing electrons 6, 7, 35 (Supplementary Information 5).
Analogous to ρ xx and ρ xy conventionally measured in transport, the quantity δϕ/δI allows us to map in real space two independent properties of a device under study: if measured at zero magnetic field, it gives the voltage drop associated with varying longitudinal resistivity, dropping more sharply in locations that are more resistive (Fig. 1c ). Under the application of a weak perpendicular magnetic field ±B, we independently resolve the Hall voltage associated with the flow, δϕ H /δI ≡ (δϕ +B − δϕ −B )/2δI ( Fig. 1d ). Since the difference in Hall voltage between two spatial points separated by Δy is directly related to the current passing between them via δϕ
(where j and n are the local current and carrier densities and e is the electron charge), spatially resolved measurement of δϕ H /δI directly yields a map of the local current density.
Imaging the voltage drop of flowing electrons
We demonstrate the ability of our technique to image the voltage drop of flowing electrons using a high-mobility graphene/hBN device at a temperature of T = 4 K. The graphene is patterned into a channel 11 μm wide (W) and 25 μm long (L) ( Fig. 2a) , with source and drain contacts exhibiting a typical two-point resistance that is sharply peaked as the carrier density is tuned near charge neutrality via the back-gate voltage (Fig. 2b) . The spatial map of the electrostatic potential of the flowing electrons taken at charge neutrality ( Fig. 2c ) exhibits an overall linear drop along the channel, indicating diffusive behaviour, although with clear local fluctuations reflecting disorder-induced resistivity variations. From the slope of this voltage drop, we find the transport mean free path 36 
to be 0.9 μm, which, as expected for diffusive transport, is much smaller than the device dimensions (h is Planck's constant and k F is the Fermi wavelength, which we estimate from the residual density fluctuations at charge neutrality). Similar imaging of diffusive flow has been done previously using Kelvin probe microscopy under the application of a high bias voltage 37 (~2 V). The extreme sensitivity of our scanning SET allows us to perform these measurements with three orders of magnitude smaller bias (2.5 mV) that, combined with higher mobility samples and cryogenic temperatures, allows us to access the regime of ballistic flow 10, 21, 38, 39 . Indeed, when we image the voltage drop for a hole density of n = 1 × 10 12 cm −2 we measure a strikingly different map that strongly resembles the textbook picture of ballistic transport 7 (Fig. 2d) . Here, the resistance is localized almost entirely at the graphene-contact interface, as visualized by the sharp, step-like voltage drops. In the bulk of the device, the electrostatic potential is nearly flat, with only a small, residual drop due to the large but finite mean free path l tr = 26 μm.
The spatial maps of δϕ/δI allow us to quantitatively distinguish the different contributions to the total resistance of the channel. Figure 3a shows the electrostatic potential measured along the centre of the device (dashed line, Fig. 2a ) at three carrier densities for both holes and electrons. In the bulk of the device, the potential drop is highly electron-hole symmetric ( Fig. 3a , between vertical dashed lines), with resistivity decreasing as density is increased. The contact resistance ( Fig. 3a , vertical arrow), however, exhibits a marked electron-hole asymmetry 36 . This is shown systematically in Figs. 3b,c, where the extracted bulk conductivity, σ xx , and contact resistance, R contact , are plotted as a function of the carrier density. The larger contact resistance for holes most likely arises from the formation of p-n junctions between the hole-doped graphene bulk and electron-doped regions near the contacts due to differences in the workfunction. For electron doping, where no p-n junctions should form, we can compare against the Sharvin resistance 40 of an ideal contact. We find that the imaged R contact at high electron density approaches the predicted Sharvin value for four-fold spin/valley degenerate fermions in graphene, = π R h e Wk Sharvin 4 2 F ( Fig. 3d , dashed line), to within a factor of two, indicating large contact transparency (up to transmission ∼0.5, top inset Fig. 3c ). In Supplementary Information 7, we show an additional example in which we image electron flow around an obstacle, showing electrostatic potential maps in the bulk of a sample that would be challenging to obtain with existing techniques.
Imaging the electron current distribution
To image the local current distribution, we turn to mapping the Hall voltage in real space. We use a second graphene device with a bend geometry (Fig. 4a ). In this case, we expect the Hall voltage to reflect the fact that the current follows the bend. Figure 4b ,c shows these voltages imaged at small positive and negative perpendicular magnetic fields B = ±20 mT. Notably, the equipotential lines are now tilted with respect to the channel direction, due to the addition of the Hall voltage to the longitudinal voltage drop. By subtracting these two voltage maps, we remove the longitudinal resistance, which is symmetric in B, isolating the contribution of the Hall voltage, δϕ H /δI, normalized by the current. To interpret this Hall voltage map, we first note that the density across the channel is nearly constant. We determine this by imaging with the SET the local density of states along the y axis of the graphene device (Fig. 4d ), and observing from the variation in the charge neutrality point that the spatial fluctuation in charge density is at most δ ≈ × − n 3 10 cm disorder 9 2
, a small fraction of the average density, n = −1.1 × 10 11 cm −2 . If local density variations were present, they could be similarly measured by the SET, making the technique applicable to non-uniform devices as well. Since the Hall electric field must locally balance the Lorentz force, the Hall voltage map, together with the density, allows us to directly obtain the electron flow streamline function 1, 41 
, whose derivative gives the local current density, δψ ∇ =^× j z . In Fig. 4e we plot The bottom plane shows the equipotential contours superimposed on the schematic of the graphene channel and contacts, indicating that the voltage drops gradually between the contacts, with some local deviations due to increased disorder near charge neutrality. d, Ballistic transport imaged at a hole density of 1 × 10 12 cm −2 (blue dot, b). The voltage drops in a step-like manner at the interface between the contacts and the graphene channel, and is rather flat across the bulk of the device. The total voltage applied across the device in this measurement is ~2.5 mV (side bar).
the resulting streamlines (accumulated current is labelled) superimposed on the independently measured zero-field equipotential contours, showing that the current streamlines clearly snake around the bend in the device. We can additionally determine the total current through the device using our imaging technique, independently of transport measurements via δI imaged = δψ(y = W) − δψ(0), where y is the coordinate along the channel profile. Indeed, we find that δI imaged = 3.4 ± 0.2 μA matches well the total current δI = 3.2 μA measured via transport with no free parameters. The smearing of the streamlines near the channel edges is related to the finite spatial resolution, which is limited by the probe-sample separation in this specific measurement ( Supplementary Information 1) . The generality of this technique for extracting the current density is discussed in Supplementary Information 6.
Examining the electron flow more closely, we note a sharp increase in resistance at the entrance to the bend, as indicated by the bunching together of the equipotential contours. Diffusive flow with homogenous bulk conductivity should in fact show a resistance decrease at the bend, since there the channel width increases. This is indeed predicted by a simulation of diffusive flow for this exact device geometry (Fig. 4f) . For ballistic flow, on the other hand, a change of channel width acts as a reflecting barrier, leading to a resistance increase. An electron billiards simulation of ballistic flow with diffusive boundaries for this device geometry (Fig. 4g) shows a clear bunching of the equipotential contours around the bend as in the experiment, albeit with a reduced resistance increase. The remaining discrepancy can be due to additional disorder and mechanical stress near the etched boundaries, as well as strong electric fields near the etched corners. These detailed maps of both the voltage and current around the bend highlight the advantage of our technique for visualizing the flow inside the bulk of the sample, which is otherwise challenging to obtain via existing techniques.
Visualization of nonlocal electron flow phenomena
As an example of the ability to spatially image nonlocal transport phenomena, we image the ballistic voltage distribution that develops across a paired channel structure joined by a slit. An optical image of the relevant region of the graphene device is shown in Fig. 5a , where again the blue lines are etched walls that define the two channels and the slit bridging between them. Source and drain electrical contacts are located on the right and left sides of the lower channel, respectively (outside the field of view), whereas the upper channel is electrically floating. The slit allows electrons to be transferred between these two channels, either diffusively or ballistically (hydrodynamic flow is irrelevant at our measurement temperature of T = 4 K). Imaging of the resulting voltage distribution in the vicinity of the slit in the ballistic regime (l mfp = 3 μm, n = 1.4 × 10 11 cm −2 ) shows a clear voltage drop along the lower . Notably, at the same carrier density the measured local slopes for electrons and holes are similar. The contact resistance R contact is defined as the size of the δϕ/δI step between the contacts and the onset of the bulk voltage slope (indicated by black bars), and shows a large degree of electron/hold asymmetry. Near the left contact there is a localized voltage artefact that resulted from voltage cycling of the back-gate, which locally disrupted the operation of the SET. b,c, Graphene conductivity σ xx and contact resistance extracted from electrostatic potential traces as in a, but measured as a continuous function of carrier density. Coloured circles correspond to line cuts in a. The orange dashed line in c corresponds to the predicted Sharvin contact resistance limit. Inset, deduced contact transparency. channel (Fig. 5b) . However, on subtracting a constant background and rescaling the colour map to capture small voltage differences (Fig. 5c) , we clearly resolve a distinct voltage drop in the upper channel, although curiously with its sign reversed in relation to the voltage drop in the lower channel. To directly compare between the two regions, we plot in Fig. 5e the voltage drops along line cuts in the upper and lower channels (whose positions are marked by black and green arrows in Fig. 5c ). We see that in addition to the voltage drop in the upper channel being in the opposite direction to the drop in the lower channel, its magnitude is more than an order of magnitude smaller, corresponding to an electric field of 3 μV per μm for the 8 mV source-drain bias applied. When we repeat the measurement in the diffusive flow regime (Fig. 5d,f) by tuning to charge neutrality, we observe the reversed behaviour: the voltage gradient in the upper channel now has the same sign as in the lower channel.
The inverted sign of the voltage gradient is a distinctive signature of ballistic flow, and is explained schematically in the insets of Fig. 5g ,h that contrast the ballistic (Fig. 5g inset) and diffusive (Fig. 5h inset) regimes. In diffusive flow, Ohm's law dictates that the voltage always drops in the direction of the current. The slit allows the current to slightly expand into the upper channel, but Ohm's law forces the voltage gradient to have the same sign there as in the lower channel. The situation is fundamentally different for ballistic flow (Fig. 5g inset) . Here, hot electrons entering from the left contact of the lower channel will propagate ballistically into the right side of the upper channel, carrying along their potential. Similarly, cold holes originating from the right contact of the lower channel will ballistically transmit their potential through the slit into the left side of the upper channel. The result is a potential drop along the upper channel that is opposite in sign to the drop along the lower channel. We quantitatively model this phenomenon using electron billiards simulations of ballistic flow (using the corresponding experimental l mfp = 3 μm) and diffusive flow, shown in the main panels of Fig. 5g ,h, respectively. We find an overall close match between the simulations and the experiment, capturing both the sign and magnitude of the voltage drops in each transport regime. Imaging of this distinctive ballistic effect was made possible by our technique's ability to non-invasively resolve microvolt-scale potentials. 
Performance benchmarking and applicability
In the above measurements, we achieved a voltage sensitivity of μ ∼ − 2 VHz 1/2 ( Supplementary Information 4) . While these measurements were performed at T = 4 K, we have imaged flows from cryogenic temperatures all the way to room temperature ( Supplementary Information 7 and 8 ). The technique also functions over a large range of magnetic fields (>10 T), as transport through the SET is only weakly field dependent. We also stress that because no charge is directly transferred between the SET and the sample, buried structures impose no measurement restrictions (excluding those beneath conducting gates). Our measurements reached a spatial resolution of ~100 nm ( Supplementary  Information 1) , limited by the lithographic dimension of the SET and its height above the sample. In principle, these values may be scaled down to obtain a resolution in the range of a few tens of nanometres. Moreover, in contrast to tip-based capacitive probes, our SET is embedded in a planar geometry surrounded by screening electrodes, resulting in an exponentially localized point spread function ( Supplementary Information 1) , which is crucial for resolving fine local features in a large background. We characterize the invasiveness of the SET by measuring how strongly it gates the sample under study, and find the induced local density variation to be δ ≈ × − n 1 10 cm invasiveness 9 2 , which is smaller than the influence of disorder ( Supplementary Information 2) , making its effect negligible. We have also achieved similar non-invasive voltage imaging using a scanning graphene device, albeit with reduced sensitivity (Supplementary Information 3) .
The current imaging sensitivity is directly related to the voltage sensitivity via the Hall resistivity. While the SET can operate at any magnetic field, imaging unperturbed ballistic current requires the use of only a small probing field that does not affect the electron trajectories, namely, W ≪ r C (where π = ℏ r n eB / C is the cyclotron radius). The resulting sensitivity in measurements of the current density is about 10 nA µm -1 Hz -1/2 × − n 10 cm 11 2 . For metallic samples (for example, n = 10 15 cm −2 ) this is comparable to the sensitivity of the present scanning SQUIDs and nitrogen vacancy centres. For typical densities in semiconductors and semimetals (for example, n = 10 11 cm −2 ), our sensitivity is better by two orders of magnitude. Since our current imaging technique relies on Hall voltages, we are restricted from imaging supercurrents due to the compensating flow of holes along with the electrons. However, because our technique does not require deconvolution of an imaged magnetic field that can be highly nonlocal, we can otherwise easily obtain quantitative maps of current flows, especially when the current has a non-trivial profile in channels, making it very useful for deciphering non-diffusive flow regimes.
conclusions
We have introduced a scanning SET-based method for visualizing both the voltage drop and current density of flowing electrons in two-dimensional systems, with high sensitivity and minimal invasiveness. Applying this technique to high-mobility graphene/hBN devices, we are able to spatially image the voltage drop of flowing electrons spanning from diffusive to ballistic flow. With the addition of a weak magnetic field, we further image the local current density, thus performing a complete local characterization of electron flow in a ballistic system. This technique holds promise for imaging an array of phenomena presently under intense focus, such as hydrodynamic electron flow, Dirac electron optics and Andreev reflections in magnetic field. In a more practical direction, the technique is well suited for fully characterizing transport effects due to disorder and other scattering mechanisms in a broad class of novel materials and devices, where imaging the local electronic flow patterns can provide crucial information that is otherwise inaccessible via conventional methods.
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